Abstract. Let k be an algebraically closed field. In 2007, D.-M. Lu, Q.-S. Wu, and J. J. Zhang asked the following question: Besides the group algebras kZ, kD and infinite dimensional prime Taft algebras, are there other noetherian affine prime regular Hopf algebras of GK-dimension 1? In this paper, we give a new one. Another problem posed by Lu, Wu, and Zhang can also be resolved by this example. Assuming H is a noetherian affine prime regular Hopf algebra of GK-dimension 1, we show that grH :
Introduction and preliminaries
Although some of the results are valid under weaker hypotheses, we assume for simplicity of the exposition that our ground field k is algebraically closed. All modules are left modules.
A long time ago, we didn't know how to define the left and right integrals of an infinite dimensional Hopf algebra. The pioneering effort in this direction is [6] . In this nice paper, by using homological properties, the authors define the integrals for a large class of infinite dimensional Hopf algebras as follows. We say a Hopf algebra H is AS-Gorenstein (where AS stands for Artin and Schelter) if (AS1) H H has finite injective dimension, say d,
H) = 0 for all i = d, and (AS3) the right H-module versions of the conditions (AS1, AS2) hold. Moreover, we say a Hopf algebra H is AS-regular if it is AS-Gorenstein and it has finite global dimension. AS-Gorensteinness seems strange at first glance, but many noetherian Hopf algebras are AS-Gorenstein. For example, every noetherian affine PI Hopf algebra is AS-Gorenstein [12] . For Here D is the infinite dihedral group. Note that in the commutative case, a prime ring is the same as an integral domain. Thus if H is a commutative affine prime regular Hopf algebra of GK-dimension 1, then it is an affine integral regular commutative Hopf algebra of Krull dimension 1 and the corresponding affine variety is a connected algebraic group of dimension 1. Therefore, question (Q * ) generalizes the well-known facts about the classification of connected algebraic groups of dimension 1 (see Theorem 20.5 in [3] ).
One of the main aims of this paper is to give an answer to (Q * ). A new example of a noetherian affine prime regular Hopf algebra of GK-dimension 1 is given in Section 2. For a noetherian affine prime regular Hopf algebra H of GK-dimension 1, it should fit into a short exact sequence (see (E0.2.2) of [6] ): The new example constructed in Section 2 will give a negative answer to this question.
Although this example makes the situation of noetherian affine prime regular Hopf algebras of GK-dimension 1 more complicated, the graded versions of them are the same. Indeed, denote the characteristic of k by char k and the integral order (for definition, see the paragraph before Lemma 3.2) of H by io(H). Then we have the following result. This theorem improves Conjecture 2.1 in this paper and also gives a characterization to infinite dimensional prime Taft algebras; that is, infinite dimensional prime Taft algebras are graded noetherian affine prime regular Hopf algebras of GK-dimension 1. We refer to [9] for basic definitions and properties about general Hopf algebras and to [2, 6, 12] for some known results and for questions concerning the homological properties and homological integrals of noetherian affine PI Hopf algebras.
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Example
For later use, we first introduce infinite dimensional Taft algebras.
Example 2.1 (Example 2.7 and Example 7.3 of [6] ). Let n, m and t be integers and q be an n-th primitive root of unity. Let H be the k-algebra generated by x and g with relations g n = 1 and xg = q m gx.
The comultiplication ∆, counit ε, and antipode S are given by
This H is called an infinite dimensional Taft algebra. It is easy to see that H is prime if and only if q m is also an n-th primitive root of unity. It is a noetherian affine PI Hopf algebra of global dimension 1. The right homological integral of
Next, we will construct our example. Consider the associative algebra A(n, q) which is generated by x, g and g −1 with the relations
where q ∈ k is an n-th primitive root of unity. The comultiplication, counit and antipode on A(n, q) are defined by
For simplicity, we denote A(n, q) by A in this section.
Proposition 2.1. With operations defined as above, A is a Hopf algebra.
Proof. The proof is standard. We decompose it into several steps.
Step 1 (∆ is an algebra map). To show this, it is enough to show that
We only show (3) since the others are easy. For (3),
Here n i q is the Gaussian binomial coefficient which is defined by
For the fourth equality we have used the fact that n i q = 0 for 1 ≤ i ≤ n − 1.
Step 2 (∆ is coassociative). By Step 1, it is enough to check this for generators g, g −1 , x. That is, we need to show that
for y = g, y = g −1 and y = x. But these are direct.
Step 3 (S is an algebra anti-homomorphism and ε is an algebra morphism). To show that S is an algebra anti-homomorphism, it is sufficient to verify the following identities:
We only show (6) since the others are easy. In fact,
Thus to show (6), we need to show that
If n is odd, ( * ) is clear. If n is even,
By (q n 2 ) 2 = q n = 1 and q is an n-th primitive root of unity, q n 2 = −1. Therefore, ( * ) is always true.
To show ε is an algebra morphism, we need to show that
, and ε(x) n = 0.
But these are easy.
Step
We have (ε ⊗ id)∆(z) = z = (id ⊗ ε)∆(z), z S(z ) = ε(z) = S(z )z for
z ∈ A and ∆(z) = z ⊗ z . Here we omit the summation notation for simplicity.
Indeed, by Step 3, we need only to check these equalities for z = g, z = g −1 and z = x. But these are straightforward.
By Steps 1, 2, 3, 4, we know A is a Hopf algebra.
For this Hopf algebra, the following lemma is obvious.
Lemma 2.2. A is noetherian affine.
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For any algebra B, we use GK(B) to denote the GK-dimension of B.
Lemma 2.3. A is PI and GK(A) = 1.
Proof. Clearly, A is a finite module over k g ∼ = kZ which is commutative of GKdimension 1. Thus A is PI, and by Proposition 8.2.9 (ii) in [8] ,
For an algebra B and a subset I ⊂ B, denote by (I) the ideal generated by the set I. The global dimension of B is denoted by gl.dimB and for a B-module N , the projective dimension of B N is denoted by p.dim B N . Proof. Denote by M the trivial A-module k. By [5] , it is enough to show that p.dim A M = 1.
Clearly x is a regular element (i.e. x is not a zero divisor) of A. Since xM = 0, M cannot be a submodule of a free A-module and this implies p.dim A M = 0.
Let I = (x). Since x is a regular element of A, Ax ∼ = A as A-modules. This implies p.dim A (A/I) = 1. Thus for any free A/I-module F , we have p.dim A F = 1. Note that A/I ∼ = kZ n , which is semisimple (char k n since we assume that we have an n-th primitive root of unity). Thus A/I M is a direct summand of a free A/I-module, and hence p.dim A M = 1.
⊗p ) for any Hopf algebra H with homological integral. The following conclusion is Lemma 6.9 in [6] . Proof. Here we freely use some of the notation in [6] .
Note that x is a normal element with xh = τ (h)x for all h ∈ A and where
. By direct computation, we can find that
Clearly, m J m iq = 0 and thus by Lemma 2.5, P 0 = 0. Therefore, A = A/P 0 is prime since P 0 is a prime ideal. Now we can give the main conclusion of this section.
Theorem 2.7. (i)
A is a noetherian affine prime regular Hopf algebra of GKdimension 1.
(
ii) As a Hopf algebra, A is not isomorphic to kZ, kD or any one of the infinite dimensional Taft algebras.
Proof. (i) is a direct consequence of Proposition 2.1, Lemma 2.2-2.4 and Lemma 2.6.
For (ii), consider the groups of all group-like elements of these Hopf algebras; we can find that only kZ has the same group as A. But, clearly, kZ is not isomorphic to A. Remark 2.8. (i) Theorem 2.7 gives us a new example of a noetherian affine prime regular Hopf algebra of GK-dimension 1.
(ii) By the proof of Lemma 2.6,
coA iq is the subalgebra generated by x, g n and g −n . By Theorem 7.1 in [6] , A cl is a commutative domain of Krull dimension 1. We claim that we cannot equip it with a comultiplication which makes it into a Hopf algebra. Indeed, if we could, then the corresponding affine variety of A cl would be a connected algebraic group of dimension 1. Thus
since we have only two connected algebraic groups of dimension 1 (see Theorem 20.5 in [3] ). But these are clearly impossible. This means that we cannot give a Hopf structure on the algebra A cl , and thus we give a negative answer to (Q * * ) given in the introduction.
(iii) We can generalize the example constructed above slightly. Let t, n be natural numbers satisfying (t, n) = 1. When the characteristic of k is p, we also ask that p t. Define the Hopf algebra A(tn, q) as follows.
As an associative algebra, A(tn, q) is generated by x, g and g −1 subject to the relations gg
where q ∈ k is an n-th primitive root of unity. The comultiplication, counit and antipode on A are defined by
Similarly, we can show that A(tn, q) is also a noetherian affine prime regular Hopf algebra of GK-dimension 1.
The condition p t is necessary when char k = p. Indeed, we can show that A(nt, q) is not regular if p|t. To see this, we can assume that A(nt, q) is regular. By Lemma 5.3 in [6] , the global dimension of A(nt, q) must be 1. This implies that the submodule A(nt, q)x + A(nt, q)(g − 1) is projective. We denote this module by N . Thus we know that N/(x)N is a projective A(nt, q)/(x) ∼ = kZ nt -module. It is easy to see that the image of x in N/(x)N is non-zero, and we denote this image by x too. By (qg − 1)x = x(g − 1) ∈ (x)N , x generates a 1-dimensional kZ nt -submodule of N/(x)N . By a direct computation, we can also see that this 1-dimensional submodule is a direct summand of N/(x)N . This means that we have a projective kZ nt -module of dimension 1. This is absurd. 
By a result of Radford (see Theorem 3 of [10] ),
where "×" was called the biproduct in [10] and bosonization in [7] . Knowledge about the biproduct or bosonization can be found in [1] , [7] , [10] . We list some facts, for which we will not give any proof, from [1] , [7] , [10] : (Fact i): R H is a braided Hopf algebra in
YD, the category of Yetter-Drinfeld modules over H 0 (see [1] ). The action · of H 0 on R H is the restriction of the adjoint action and the coaction is Proof. The same conclusion has been proved in [4] when H is finite dimensional and I is taken to be the Jacobson radical of H (see Lemma 5.1 in [4] ). It is straightforward to see that the proof given in [4] can be applied to our case directly. 
